This paper concerns exponentially bounded C-semigroups and semigroups of operators in a Banach space X.
satisfying Z'(t)C = CT(t) for t > 0 and R(C) c C, where C is an injective bounded linear operator with dense range. It follows from this that the known generation theorems for semigroups of the above-mentioned classes are obtained in a unified way.
This paper consists of five sections. Section 1 contains some basic notions used in this paper. In Section 2, the relations between semigroups and exponentially bounded C-semigroups are studied. In Section 3, the generation of semigroups is discussed via the generation theorem for exponentially bounded C-semigroups. Sections 4 and 5 are devoted to the application of our main theorem to semigroups of the classes mentioned above. Oharu's generation theorem for semigroups of classes (C,,,) and Okazawa's generation theorem for semigroups of growth order CI > 0 are derived from the point of view of the generation theory for exponentially bounded C-semigroups.
PRELIMINARIES
Let X be a Banach space and let B(X) be the set of all bounded linear operators from X into itself. A one-parameter family {T(t); t >, O> in B(X) is called a semigroup if r(t + s) = T(t) T(s) for t, s > 0, T(0) = I (the identity), (1.1) for every x E X, r(t)x is continuous in t > 0. (1.2) Let { r(t); t 2 0} be a semigroup. It is known [IS] that o0 = lim,,, t-' log II T(t)11 exists and -00 < w. < + 03. This w. is called the type of {T(t); t>O}. We define the infinitesimal generator A, of {T(t); t20) by A,x= lim (T(h)x-x)/h h-tot (1.3) whenever the limit exists. If A, is closable, the closure 2, is called the complete infinitesimal generator (hereafter abbreviated to c.i.g.) of the semigroup. The set z= jxex; ,lJ+ T(t)x=x} called the go=" A semigroup {T(t); t L 0) is said to be of class (Cc,,), where k is a nonnegative integer, if it satisfies the following conditions:
(aI) x0= U,,o T( t)[X] is dense in X, (a2) there exists an o> o0 such that for each ,4>w there is an operator R(A) E B(X) satisfying R(/Z)x = jOa e-"'T(t)x dt for x E X,, and R(1) injective, (a3) D(A") c C, where A is the c.i.g. of (T(t); t 3 0) and A0 3 I. It follows from the definition that (Cc,,) c (Cc,+ ii) for each k and the class (C,,,) is nothing else but the class (Co). We refer to [9] for more detailed properties of the classes (C,,,). It is easily seen that a semigroup is of class (Co) if and only if it is of growth order 0. Every semigroup of growth order CI 3 0 has the c.i.g. We refer to [lo] for further information on semigroups of growth order 01.
Let C be an injective operator in B(X) with dense range R(C) in X. A one-parameter family {s(t); t > 0} in B(X) is called an exponentially bounded C-semigroup (hereafter abbreviated to C-semigroup) if S(t + s) C = S(t) S(s) for t, s > 0, S(0) = C, (1.4) for every x E X, S( t)x is continuous in t > 0, (1.5) there exist ME [0, co) and a~ (-co, co) such that llS( t)ll < Me"' for every t 2 0. (1.6) In particular, if C = I then every C-semigroup becomes a semigroup of class (CO).
Let {S(r); t b 0} be a C-semigroup. We define an operator G in X by But it is not known that the c.i.g. is equal to the generator. In the next section it is shown that the c.i.g. of every C-semigroup coincides with the c.i.g. of the corresponding semigroup (see Theorems 2.1 and 2.2). This is the reason why we consider the c.i.g. of C-semigroups. Finally we note that a family of operators (S(t); t 3 0} is a C-semigroup if and only if it is an R-semigroup of exponential growth in the sense of Da Prato [3] . He introduced the infinitesimal generator A of {S(t); t > 0) by Ax=C-'S'(O)x for XED(A)E(XEX; S'(O)x=lim,,,+(S(h)x-Cx)/ h E R(C)} and derived some results on the infinitesimal generator. It is seen that the infinitesimal generator A coincides with the generator Z introduced by Davies and Pang.
SEM~GROUPS AND C-SEMIGROUPS
In this section we investigate certain relations between semigroups and C-semigroups.
We start with the following THEOREM 2.1. Let {T(t); t&O} b e a semigroup and let C bC an injective operator in B(X) with dense range. Suppose that T(t) C = CT(t) for every t > 0 and R(C) c C, where C is the continuity set of { T(t); t 2 01. Then (ii) Set S(t)=CT(t) for t>O. Then {S(t); t>O} is a C-semigroup and 2, is the c.i.g. of {S(t); t 20).
Proof. We first prove that {S(t); t >, 0) is a C-semigroup. Clearly, S(t)EB(X), S(t)S(s)=S(t+s)C for t,s>O, S(O)=C, and S(t)x is continuous in t>O for every XEX. By R(C)cC, lim,,,, S(t)x= lim r-O+ T(t) Cx = Cx for every x E X.
Let q, be the type of (T(t); t 3 0) and let a > q,. Then there is a to > 0 such that 11 T(t)11 ,< eU' for t 2 I,. Since ,S(t)x is continuous in t 2 0 for every x E X, by the uniform boundedness principle there exists a constant K> 0 such that IIS(t)ll <K for 0~ 1 d to. Putting M= max((ICl/, Ke'"l'"}, we obtain llS(t)ll < Me"' for t 2 0. Therefore (S(t); t > 0} is a C-semigroup.
Let G be the c.i.g. of {S(t); t>,O). By (1.8) (2-117-l Cx=IO= eei'S(t)xdt=JOm e-"T(t)Cxdt for A > a and n E X. We want to show that
for XEX~ and A> a, where X0-Ur,O T(t) [X] .
To this end, let XEX and h > 0, and choose Cy, with lim, _ m Cy, = n. Then for A> a
Noting that j; e-"T(t + h)Cy, dt + s; e-"'T(t + h)x dt as n + ~0, we have
T(h)xED((A-G)-') and (A-G)-' T(h)x=joa e-"'T(t) T(h)xdt
Now, for every I > wO, we define an operator R,(A) on X,, by
Then (2.1) implies that (% -G))' I R,(I) for A > a. Hence R,(A) is closable, (I+ -G)) ' 3 R,(A), and m is injective for A > a. It follows from [IS, Lemma 3.11 that A, is closable and A,= A-R,(A)) ' for A>a. Combining this with (A -G) ~ ' 2 R,(A) for A > a, we obtain G 3 A,.
On the other hand, G c A, because C 'S(t) = r(t), and hence A, is densely defined and G c A,.
Q.E.D. EXAMPLE 1. Let A be the c.i.g. of a semigroup {T(t); t > 0) of class (Cc,,) and c > o, and set C= R(c; A)" and S(t) = CT(t) for t > 0. Then {S(t); t 2 0) is a C-semigroup and its c.i.g. is equal to A.
In fact, R(c; A)k E B(X) is injective and R(R(c; A)!+) = o(Ak) is dense in A'. Next, for t > 0, R(c; A) T(t)x = j; e-""T(s) T(t)x ds = T(t) 1; epcST(s)x ds = T(t) R(c; A)x for x~X, by (a2) in Definition 1. where o0 is the type of { T(t); t 3 0} and n is the integral part of U. (Note that CEB(X).) Putting S(t)=CT(t) for t>O, we have {s(t); t>,O} is a C-semigroup and its c.i.g. is equal to A.
and hence R(c; A) T(t) = T(t) R(c; A) by (ai). This implies k(c; A)k T(t)= T(t) R(c;
Indeed, by [lo, Lemmas 3.1 and 3.31, C(c-A)"+l x=x for xcD(A"+'
). This implies that R(C) is dense in X, because D(A"+ ') is dense in X by [ 10, Lemma 3.43 . To show that C is injective, let Cx = 0, i.e., fc Ye -"T( t)x dt = 0. Then we have that err I sc (t-s)"ep"T(t)xdt=jY t"e-"'T(t + s)x dt s 0 t"e?'T(t)x dt = 0 for s > 0.
Hence 5 m (t-s)neP"T(t)xdt=O for every s>O. s Differentiating this n + 1 times with respect to s we obtain T(s)x = 0 for every s > 0, so that x= 0 by (b,) in Definition 1.2. Thus C is injective. Obviously, r(t) C = CT(t) for t > 0.
Finally we show R(C) cZ. Let c> o > w,,. Then by (b3) there exists a constant M> 0 such that 1) r(s)/1 < h4ews/sa for s > 0, so that I( r(t + s)ll d Me"OoleOs/soL for s > 0 and 0 < t Q 1. Now, the convergence theorem implies lim T(t)Cx=,Fy+ $ jm sne-'T(s+t)xds r-o+ . 0
1 cI_ =-s n! 0 s"eC""T(s)x ds= Cx for every x E X, i.e., R(C) c Z. The conclusion follows from Theorem 2.1.
Remark. It has been shown in Cl, Section 41 that the c.i.g. A of { r(t); t>O} in Example 2 is contained in the generator of {S(t); t>O}. (ii) rfwe define T(t) by
then {T(t); t30) is a semigroup satisfying T(t) C = CT(t) for t > 0 and R(C) c Z, where C is the continuity set of {T(t); t 2 0}, and A is the c.i. and lim,,, C'S(r)x,=C~'S(t)x. Therefore (i) holds.
We define T (1) by (2.3). It is easy to see that T(t + s) = T(t) T(s) and r(t)C=CT(t) for t,s>O. By lim,,,, T(t)Cx=lim,,,+ S(t)x=Cx for x E X, we see that R(C) c Z and then x0= u iYt)CU is dense in X.
(2.5) r>o Moreover, since R(C) is dense in X, (i) and (2.3) imply that T(r)x is continuous in t > 0 for every x E X. Thus { T(t); t 2 0} is a semigroup. Let A, be the infinitesimal generator of {T(t); t 2 0). By Theorem 2.1, 2, = A, which means that A is the c.i.g. of {T(t); t b O}.
Q.E.D.
Remark. Our proof implies that condition (d') in Theorem 2.2 may be replaced by the following weaker condition Therefore { r(t); t > 0} is a semigroup of class (C,,,).
GENERATION OF SEMIGROUPS
The main result in this paper is stated as follows: THEOREM 3.1. Let C be an injective operator in B(X) with dense range R(C) in X, and let A be a densely defined closed linear operator in X. Suppose that (e,) there is a real a such that 2 -A is injective for ,I > a, (ez) (2 -A))' C E B(X) for j 2 1 and 2 > a, and there exists a positive constant M such that where the convergence is uniform with respect to t in every bounded subset of [O, co ) for every x E R(C).
To prove Theorem 3.1 we use the following generation theorem for C-semigroups. Thus, (d) in Theorem 2.2 holds good. Condition (e;) is the same as (d') in Theorem 2.2. By virtue of Theorem 2.2, A is the c.i.g. of a semigroup (T(t); t 2 0} with T(t) = C-Is(t) satisfying (fI), (f2) (see (2.5)) and (f4). To prove (f,), let T(t)x=O for all t>O. Then S(t)x=CT(t)x=O for t>O and hence Cx=lim,,,+ S( t)x = 0, which implies x = 0. Finally, (3.1) follows from (3.2).
Remarks. (1) If (e,) is assumed, then for every ZE E, IIC--'S(t)zll <ep+' cp(t, z) holds for a.e. t > 0. (See (3.5).)
(2) Our proof shows that the sequence {m} in (e,) and (e;) can be replaced by any subsequence {mk} of (m}.
(3) From property (f3) the following fact can be derived: (a,) there exists an o>oO such that for every A > o, Ro(l) is closable, its closure Ro (2) is injective, and R,(1) = (2 -A)-', where R,(A) is an operator on X0 defined by (2.2). (See [lo, Lemma 3.11 and [S, Lemma 3.11.) (4) Let C be an injective operator in B(X) with dense range. If {T(t); t 2 0} is a semigroup satisfying (fi) and (f4), then its c.i.g. A is a densely defined closed linear operator satisfying (e,)-(e,), (e,), and (e;) with E = R(C). (This is the converse of Theorem 3.1.) In fact, it follows from Theorem 2.1 that the c.i.g. A of ( r(t); t 3 0} exists and A is the c.i.g. of a C-semigroup (S(t); t b 0} defined by s(t) = CT(t). By virtue of Theorem 3.2, A is a densely defined closed linear operator satisfying (e,t(e,).
Note that sr e-"ll r(t)xil dt < GO and 
GENERATION OF SEMIGROUPS OF CLASSES (Cc,,)
The generation theorem for semigroups of classes (C,,,) is a direct consequence of Theorem 3.1. Remarks.
(1) Condition (g,-ii) was proposed in the generation theorem for semigroups of classes (C,,,) by Oharu [9] . Condition (g3-i) is new.
(2) The sequence {m } in (g3) can be replaced by any subsequence Imkl of {m).
(3) If A is the c.i.g. of a semigroup { r(t); t 3 0} of class (C,,,), then A is a densely defined closed linear operator in X satisfying (g , ), (g2), and both of (g3-i) and (g,-ii) with E=D(Ak) (See [8, 93 . It is easily seen that (gj-i) holds for the function cp(t, x)= liT(t)xll on [0, co)xD (Ak) and any integer p 3 0).
GENERATION OF SEMIGROUPS OF GROWTH ORDER c( > 0
In this section, we treat the following generation theorem due to Okazawa [lo] via the theory of C-semigroups. where the convergence is uniform with respect to t in every bounded subset of [0, co) for every XE D(An+').
To prove this theorem we want to show that conditions (er) through (e,) stated in Theorem 3.1 are satisfied with C=(b-A)-("fl)ID(A"+~), a=h, E=D(A"+'), p= n, and q(t, x) = Mt~-'ew' IIxjI. To this end we prepare some lemmas. Let xED(A"+'), and let I>n=[cr] and /+l=p(n+l)+q, where p and q are integers such that 0 d q < n and p 3 1. By (iz) 
